PHUONG PHAP GIAI TiCH
TRONG MOT SO BAI TOAN OLYMPIC THPT*

Nguyén Duy Thai Son (Pai hoc Su pham Da Nang)

Qua bai giang nay, ta sé khdo sat mot sb dang toan g1a1 tich thuong gap (hodc co
thé 8dp) trong cac ky thi chon hoc sinh g101 THPT quoc gia (VMO). Ta cung s€ gap
nhiéu dang toan Olympic ma phat biéu ctia chling 6 vé 14 dai sb hay sb hoc thuan
tay (hodc ca hai), nhung trong 10i giai, phuong phap giai tich dong vai tro cbt yeu

1 MOT SO DANG TOAN GIAI TICH THUGNG GAP
TRONG CAC KY THI VMO

Trudc tién 13 mot sb vin dé dang dude quan tim:

- Nhitng nim gan dAy trong cac ky thi IMO (Olympic Toan quéc té danh cho hoc
sinh THPT) khong con xuit hién cac bai toan giai tich.

- VAy ngudi ra dé toan giai tich cho VMO (ngay 1) nén c¢6 quan diém nhu thé nao?
- V& ta cin hiéu kién thitc gidi tich bic THPT bao gdm nhitng ndi dung nao?

Bai toan 1 (VMO 2012). Cho ddy sb thuc (x,,) xdc dinh béi

n+2
3n

=3 va z,= (tn_1+2) véimoin > 2.

Chitng minh rdng ddy s6 dd cho c6 gidi han hitu han khi n — +oc. Tim gi6i han dé.
Loi giai 1.

(i) Truéc hé, nhan xét:

n+3 2(n+3) 2
A <3(n+1) )x T3 3t

oy sk L . . 3
(ii) Tiep theo, bang quy nap, ta chttng minh dugc: Vn > 2,2, > — + 1.
n

*Déay la nbi dung bai giang dugc tac gia trinh bay tai cac 16p Tap huén Gido vién THPT chuyén
Khu vuc phia Nam (Nha Trang - 7/2016) va Khu vuc phia Béic (Vinh Phic - 8/2016) do “Chuong
trinh trong diém Quéc gia phat trién Toan hoc giai doan 2010-2020”, Vién Nghién citu cao cap vé
Toan, t6 chitc.



A A X A ].O 3 .2 > ~ , 3 /7. \ 7
That vay, dé thay x, = 3 > 3 + 1. Gia su da co =), > T + 1 v6i k > 2 nao do.
Luac nay,

k+3 k+3 (3 ) k+3 3
)T T

3
e A L e _ 22 4
Tt = 3 @ T2 > 305 P i

(iii) Tu (i) va (ii) suy ra z,, > x,41 > 1 Vn > 2. VAy, day (z,,)> gidm va bi chin
dudi nén no 6 gidi han hitu han khi n — +oo. Dung hé thtic truy hoi cta day,
dé thay lim =z, = 1.
n—-+o0o
Loi giai 2.
(i) Trudc hét, viét lai hé thic truy hdi cta day dudi dang:
x; Ti—1 2 31.1‘1 32'711’1‘_1 2.3t

iv2 3 3 G+DG+2) G+l iGi+D

roi 14y >, hai vé ta thiy (v6i mbin > 2):

3", 32y = 3!
- =2 —
(n+1)(n+2) 2-3 — (i +1)
3"z, 3, — 3k . Lo
= - T, = Cp —
(n+1)(n+2) 2 —~ (k+1)(k+2) by,
trong dé
n—1
1 92 k n
Cp = (7’L+ )(TL+ ) — 0,a, = 3 Vébn = 3
2.3t (n—s+00) p (k+ 1)(k+2) (n+1)(n+2)
.o u/,\ 14 N\ /I\ Sx 14
(ii) Tiep theo, xét ham so f(x) := ; ta co

(x+1)(z+2)
(x4 1)(x +2)3"In3 — 3%(2z + 3)
(x+1)%(z +2)?

3I

- CESVEEEDE ((ln3)x2+(31n3—2)x—|—21n3—3) >0

khi 2 d1 16n. Vay, v6i ny da 16n, day (b,);f2, tang ngat (ra +o0).

flx) =

(iii) Cubi ciing, dung dinh Iy Stolz, ta c6:

3n
lim &% = ljm 2T gy l(n +1(n+2)
n—400 bn n—-4o0o bn+1 — bn n—4o0o 3n+ 3”
n+2)(n+3) (n+1)(n+2)
1
= lim ntl oy, E3_ L
n+3 n+1



. . anp, 1
suyra: lim x, = lim (cn+2b—)20—|—2-—:1.

n—-+oo n—-+oo n 2

Ghi chi. Trong Loi gidi 2, ta ¢6 thé hoan thanh buéce (ii) mét cach dai sé nhu sau:
bn, 3 1 \ . NP o <
bH = (n:g ) > 1 (v6i moi n > 2) nén day (b,)!>5 tdng ngit (ra +o0).
n n

Bai toan 2 (RMC 2007 Shortlist, do Marcel Chiriti dé nghi). Gidi hé phuong trinh:

r(3y*+1) = y(y*+3)
y(3z2+1) = 2z(22+3)
2322 +1) = z(2*+3).

Cé thé xem hé phuong trinh trong Bai toan 2 1a mot trudng hop riéng, khia = 1/v/3,
cta hé trong bai toan sau:
Bai toan 3. Gidi va bién ludn (theo tham s6 a € R) hé phuong trinh:

22(y* +a®) = y(y*+ 9d?)
2y(z* +a?) = z(z2*+9a?)
2z(x2 +a?) = z(x?+ 9a?).

Lai giai.
(i) V6i a = 0, hé da cho kéo theo:

2ry? = 3P
2% = 23 = 8%yt = H2xy2 = Hy3 = 2%y*2% = wyz = 0;
2202 = 23 cyc cyc

tit d6, hé ¢6 nghiém duy nhét (z,y, z) = (0,0,0).

.o 7, X J4 \ A 2 9 2 P4
(i) V6i moi a # 0, xét ham so f(x) := %; ta co:
> — 3a?)? e .
f,(l'> = % 2 0 voi mo1 x - R, f/(lL‘) =0 Chl tE_ll Tr = j:a\/g

Suy ra: f ting ngit trén khap R.

Vi hé di cho khong thay ddi khi ta hoan vi vong quanh bd (z, y, z) nén, khong
mat tinh tdng quat, ta ¢6 thé gia st x = max{x,y, z}. Khi d6, do f tang ngit,

hé kéo theo:
{f(y)Zw yzf(Z):{yZZ
fly) = = =2 2z = [f(z) y = @
va tur do, cling ¢6 z = max{x,y, z}. Vay, hé da cho tuong duong véi:
r=y=2=z r=y=2=z
{ x = f(x) <:>{m(:1€2—7oz):0,

va hé c6 ding 3 nghiém: (0,0,0), (aV/7,aV7,av7), (a7, —a\/7, —a\/7).

=y = max{x,y, z};

AV,

3



Bai toan 4 (Olympic sinh vién toan qubc nim 2016, mén Gidi tich). Cho a > 1 la
mot so thuc va f : R — R la mét ham so thoa man dong thoi hai diéu kién:

o (f(az))? < ada2f(x) véi moi sb thuc x;

e f bi chdn trén trong mét ldn cdn nao do ctia 0.
3 x2 7
Chiing minh rang | f(x)| < — vdi moi so thuc x.
a

Lai giai 1 (gidi tich).
(i) Trong diéu kién thtt nhét, chon z = 0 ta thiy f(0)2 < 0= f(0) = 0. Véi z # 0,
f(az)?

3 2) > 0. Vay, f(x) > 0 v6i moi z.
a-x

tlt diéu kién nay ta ciing c6 f (x) >

(ii) Néu a = 1, diéu kién thit nht tré thanh f(z)? < 22f(z); ta suy ra f(z) < 2
vGi moi so thuc z, nén dpem la dung. Bay gio, xét truong hop a > 1.

_ @] _ f(x)

iii) Dat = =
( ) . g(x) 2/ 2/
x

phai chitng minh rang g(z) < 1. Theo dinh nghia ctia g, ta c6 f(z) = ;g(x).

> 0 v6i moi x # 0. Ti nay, xem z # 0 va chi con

Tt d6, viét lai theo ¢ diéu kién tht nhét nhu sau:

((aj)Qg(am>> < “3x2%29($) < g(ar)® < g(x). (1)

Dung (1), biang quy nap theo n € N, ta thiy:

T

g(z) < g (—)w Vn € N. )

a/?’L
(iv) Theo diéu kién thit hai, ton tai m, M € (0, 00) sao cho (0 <) f(¢) < M khi |¢| <
. A ~ A . A \ P | T /s .
m. Via > 1 nén cling ton tai ng € N (phu thuoc vao z) dé ‘—n’ < m v6i moi
a
n > ng; va vGi cac so tu nhién n nhu the, (2) kéo theo

x z
f (_) 2n;11»1
an < a 2 M2—n

T 2 — le—n
() /a

— 0 (dung cong thtic nhi thitc Newton hodc quy tic

(3)

2n—+1

(v) Dé théy lim

n—-+oo

’Hospital), nén bang cach cho n — +oo trong (3), ta ¢6 ngay g(z) < 1, dpcm.
Loi giai 2 (dai sb).
(i) VAn nhu 6 Loi giai 1, ta chitng minh dudc f(0) = 0 va f(x) > 0 véi moi z.
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(ii)

(iii)

(iv)

)

VAn nhu & Loi gidi 1, ta thiy dpem 13 ding khi @ = 1 va chi con xét trudng
hop a > 1.

Ta viét lai diéu kién tht nhat du6i dang
2 o 2r (%
flz)” <azx f(a) Ve e R (1)

va sé chiing minh mot két luin trung gian (nhe hon dpcm) rang
f(r) <2® VrecR. (2)

Gid st phan chiing rang (2) sai; titc 1a f(z) > 22 véi z (# 0) nao d6. Dung (1),
ta lan luot co:

2 2

/)75 =t @) e (2) =

z 1 22\ 2 N
\ 14 _ 2 ~ I.
tu do, f (5) > W <E> = az’,... Bang quy nap, ta co:
f (i> > "2 véi moi sb tu nhién n > 2. 3)
an

Do diéu kién tht hai trong dé toan, vé trdi ctia (3) bi chén trén, trong khi vé
phai 16n tuy y khi n da 16n, vo ly! MAu thuan dé chiing td rang (2) dang.
2
Bay gis ta xét ham phu i dugc cho béi céng thitc h(z) == f(x) — T < f(z) va
a

viét lai (1) theo ngdn ngit ctia ham phu nay:

(h(:z:) + $—2>2 < az? (h (g) + w—z) o h(z)? + 2%2h(x) < az®h (f> .

a3

a a
NN 0, (T S AN e
Ta db, 2—h(z) < az®h <—> = h(z) < —h (—) (bat dang thiic nay dung ca
a a/ 2 a
khi 2z = 0 vi h(0) = 0), va bang quy nap ta co:
aA\" /x e A A
< | —= — .

h(z) < ( 5 ) h (a”) v6i moi soO tu nhién n 4)

Mot hé qua cta (2) va (4) 1a
2

o= (5) 1)< (5) (' = 5

v6i moi sb tu nhién n. Vi n ¢ thé 16n tly ¥ nén diéu nay chi ding khi h(z) < 0
(v6i moi x € R); tu day, ta suy ra dpcm.



Bai toan 5 (DHSP1HN TST 2012). Cho ddy sb (a, )2 dugc xdc dinh béi

2n — 3

a=1 va a,= 5
n

anp_1 VvOimoin > 2.

Ta ldp ddy s6 (b,) > Vi b, = > i, a; véimoin > 1. Chiing minh rang day s6 (b,)>
0 gidi han hitu han khi n — +oo va tim gidi han do.

Lai giai.
(i) Roranga, >0 Vn > 1.
(i) Ta viét lai cong thitc truy hoi ctia day sb (a,)> duéi dang
ai—1 =2(i — 1)a;— — 2ia;,
roi lay Z ! hai Ve ta c6 (v6i moin > 1):

by, =2a1 —2(n+ 1)ap1 =2 —2(n+ 1)auy- @y

ees - 7 n n J n 21 3
(iii) Mit khac, appy = L = [T -2 = 1) 5 nén dp dung bat dang
aq ;1 /3

thitc TBC-TBN ta suy ra

n . n—1

21— 1 \/2n—1 21+1 22—1

O<(n+1)an+1:H 5 H\/ )../2.1_1
=1 =1

Vvan —1

- 2n (n—+00)

0.

(iv) Theo dinh 1y vé gi6i han kep, ta ¢4 lim (n + 1)a,., = 0. VAy, (1) kéo theo

n—-+4o0o
lim b, = 2.
n—-+4o0o

Bai toan 6. Chiing minh rang
200 + P + %) — 2?y — 9?2 — 222 < 3
véi moi x,y, z € [0,1].
Gdi y. Xem vé trai nhu 13 ham ctia mét bién z, tim gia tri cuc dai ctia ham d6 trén

doan [0, 1] d€ quy bai toan vé viéc chitng minh mét bit dang thiic chi clia hai bién
y, z € [0,1]. Tiép tuc phuong phap giam bién nay...



2 MOT SO DANG TOAN OLYMPIC DUNG PHUONG
PHAP GIAI TICH

Trong phan nay ta xét mot sé dang toan Olympic ma phét bifu cta ching cb vé 1a
dai s6 hay s6 hoc thuéan tiy (hodc ca hai), nhung trong 16i giai, phuong phap giai
tich dong vai tro cot yéu.

Bai toan 7. Gid st a, b, ¢ € Z sao cho f(n) := an? + bn + ¢ la s chinh phuong véi moi
n € Z. Ching minh rang ton tai «, 3 € Z sao cho f(n) = (an + ()? véi moi n € Z.

Loi giai.
(i) Giasu
fln)y=m?2 VneZ (1)

trong d6 (m,)nez € N. Néu a < 0 thi f(n) < 0 khi n dt 16n, mau thuln vé6i
(). Vay a > 0.

(ii) Xét trudng hop a = 0. Lic nay, néu b # 0 thi f(n) < 0 khi n trai dau véi b va
c6 tri tuyét dbi da 16n, mau thuln véi (1). VAy b = 0, con ¢ (€ N) 13 mot sb
chinh phuong (m,, = \/c v6i moi n € Z). Trong truong hop nay, dpcm la dung
VOl o :=0, 5 := \/c.

(iii) Xét truong hop a > 0. Lac nay, (1) kéo theo:

2
lim Mo _ lim @:aé lim %:\/5.
n—+oo N n—+oo 1 n—+oo M
Tu do,
m2,, —m? 1) —
lim (mpyq —m,) = lim —H———" — lim flnt1) = f(n)
n—+o00 n—+0oMpyy1 + My  no400 Mpy + My,
a+b
. 2an+a+b 2a + n
= lim —— = lim
n—+00 My 41 + My n—too Mpy1 N +1 n My
n—+1 n n
2 0
— L — \/a
Va-1++/a

Vi m,,11 —m, chi nhén gia tri nguyén, ta suy ra o := \/a € N* va tén tai ny € N
(da 16n) dé m,, .1 — m, = a v6i moi sO tu nhién n > ng. VGi cac n do, tit cac
két qua G trén, ta co:

20°n+ o’ +b=2an+a+b=m’, —m, = (a+m,)’ —ms =

a? + 2amy,;
suy ra: 2a | 2am,, — 2an = b, tlic 1a b = 2o véi B € Z nao d6 ma
2am, —2a*n =b=2aB = m, =an+ = f(n) =m?2 = (an + B)*

n —

v6i moi so tu nhién n > ng, va do do, v6i moi n € Z.

7



Bai toan 8. Hay xdc dinh tdt cd cdc bd ba sb thuc duong a, b, ¢ sao cho [nal-[nb] = [n2c]
véi moin € N.

Lai giai.

)]

(ii)

Yéu ciu cta dé bai dugc viét lai mét cach tuong duong (v6i moi n € N):

(na — {na}) - (nb — {nb}) = n*c — {n’c}
& nPab—na{nb} — nb{na} + {na}{nb} = n’c — {n’c}. (1)

Chia hai vé ctia (1) cho n? rdi 14y gi6i han khi n — oo, ta suy ra ¢ = ab. V6i
diéu kién nay, (1) trd thanh

na{nb} +nb{na} — {na}{nb} = {nc}.
Chia hai vé ctia ddng thic nay cho n rdi 14y giéi han khi n — +oo0, ta suy ra:

lim (a{nb}+ b{na}) =0. (2)

n—-+0o0o

v Lz 1 oA e \
Dé thay 0 < {na} < 5 (a{nb} + b{na}), nén theo dinh ly vé giéi han kep thi
(2) kéo theo

lim {na} =0, va tuong tu, lir+n {nb} = 0. (3)
n—-+0oo

n—-+4o0o

Dén day c6 thé chiing minh a, b € N* theo cac cach khac nhau nhu sau:
Cach 1:

Gia stt a vo ti. Khi d6 trong biéu dién thip phan

C;
10¢

+o00
a:(C,clcg...)m:C—FZ
1=1

ton tai mét chit s6 ¢ # 0 xuat hién vé han lan; tic 1a, ton tai cac chi so

i1 <ig<---saochoc=c¢;, =c¢c,=... Xétn=10%"1 — +oo,tacod
(k—+00)

c
na = (Ccy...Ci—1,Ciy -+ Cipyy -+ )10 = {na} > (0,¢)10 = i > 0,

mau thuén véi (3).

e Viy a hitu ti: a = P VOi p,q € N*. Xétn = kq + 1 (k—> : +00, ta co {na} =
q ——+00

{kp+a} = {a} nén (3) = {a} = 0. Tt d6, a € N*. Tuong tu, b € N*.



Cach 2:

e Ta sé chitng minh riang {a} = 0. Gia st dpcm 1a sai. Khi d6 0 < {a} < 1. Véi
e :=min{1—{a}, {a}} > 0, theo (3) va dinh nghia cta gi6i han, ton tai no € N
sao cho 0 < {na} < e v6i moi n > ny. Dac biét,

0 < {nga},{(no +1)a} <e. 4

e Laico

{(no + D)a} = {la] +{a} + [noa] + {noa}} = {{a} +{noaj}. (5)

Nhung 0 < {a} < {a} + {noa} < {a} + ¢ < 1 nén (4)-(5) kéo theo ¢ >
{(no+1)a} = {a} + {noa} > {a}, mlu thuan véi dinh nghia cta ¢! Mau thuan
d6 chiing t6 rang {a} = 0, tiic la « € N*. Tuong tu, ta c6 b € N*.

(iii) Dao lai, néu a,b € N* va ¢ = ab thi ta c6 ngay (1) v6i moi n € N. VAy, cac bd
ba can tim gom a € N*, b € N*, ¢ = ab.

Bai toan 9 (dua trén mot dé thi RMC). Cho ba sb thuc a1, as, as théa mdn diéu kién:

3
Zai cos(a;x) <0 VzeR.

=1
Chitng minh rang mat trong ba so ay, as, as bang 0, hai so con lai doi nhau.
Li gidi.

(i) Trudc hét ta c6:

B& dé. Cho fi: R — R, 1 <i<m, 1&d m ham sb tudn hoan (m € N*) va cho
f=>" fi. Gid st ton tai gidi han hitu han L = xl_lgloof(x) Khi dé, f la mot
ham hang.

Ching minh. Xét trudng hgp m = 1. Luc nay, f = f; : R — R la mot ham sb
tuan hoan, c6 giéi han hitu han L = xgrfm f(z). Goi T € (0,+00) la mét chu
ky cua f. V6i moi z € R, ta ¢6 f(x) = ngrfoof(x +nT) = L. VAy f(z) = L,
dpcm.

Gia st két luan ctia B6 dé da dudc chitng minh cho trudng hop m = k, v6i

keNnaodsé.Cho fi : R—R, 1 <:<k+1, 12 £ + 1 ham sb tuin hoan va
cho f:= ¥ f. 6 gi6i han hitu han L = lim f(z). Goi T € (0, +00) 1a mot

=1 T—r+00

chu ky cia f; va xét ham ¢ : R — R xac dinh bdi:

k+1

g(x) = fla+T) = f(x) => (file +T) = fi(z)) VzeR.

=2



(ii)

Suy ra ¢ 13 t6ng clia k£ ham tudn hodn ¢; : R — R, 2 < i < k + 1, trong do
gi(x) = fi(x +T) — fi(x) v6i moi x € R. Ta co:

lim g(x) = lim f(zx+7T)— lim f(x)=L—L=0,
T——+00 T——+00 T——+00

nén theo gia thiét quy nap thi g(z) = 0; suy ra: f la mot ham tuan hoan (vé6i
T 1a mot chu ky). Tit d6, theo trudng hgp m = 1 ctia B6 dé thi f phai la mot
ham hang; tic 1a, két ludn ctia B6 dé cling dung trong trudéng hop m = &k + 1,
dpcm.

Tré lai bai toan, dat f(z) := sin(a;x) va f(z) := 32, fi(x) véi moi z € R, ta
thay f 14 tong ctia 3 ham tuan hoan gidi ndi. Theo gia thiét,

3
fl(z) = Zai cos(ax) <0 Vx €R.

=1
Suy ra: f don diéu khong tang (trén khip R) nén ton tai giéi han hitu han
lim f(x). Theo BS dé, f phai la mot ham hang, nén f/(z) = 0 va f”(z) = 0.

r——+00
bac biet,

Tt hang déng thic
3 3 3 3
Za? — H(IZ‘ = (Z (li> (Z a? — Zalag)
=1 =1 =1 =1 cyc

ta théy H?: a; = 0. Vay, mot trong ba $6 ay, as, as bang 0, hai s6 con lai ddi
nhau (vi >, a; = 0).

Bai toan 10. Tim diéu kién (cdn va di) dbi véi ba sb thuc a,b, ¢ d& hé bat phuong

trinh

1.
2.

0
0
0

ar® + bx + ¢
bx? +cx+a
cr’ +axr+b

IAINAIA

6 nghiém (trén R);

c6 ding mot nghiém (trén R).

Loi gidi.

1.

Bang cach céng vé theo vé cac bat phuong trinh trong hé, ta thiy néu hé nhin
z € R lam mot nghiém thi

(a+b+e)(r*+2+1)<0=a+b+c<0 (1)

Viz?+z+1=(r+1/2)%+3/4 > 0). Dao lai, dé théy néu (1) dugc théa\mén
thi hé da cho nhan x = 1 lam mo6t nghiém. VAy, (1) chinh la diéu kién can va
da phai tim.

10



2. Theo trén, (1) 13 mét diéu kién cAn. Ta phai rang budc thém diéu kién dé

z = 1 14 nghiém duy nhét ctia hé. C6 thé du doan dudc, mét trong cic rang
budc phai tim la:
a+b+c=0. (2)

That vy, gid st phan ching rang (2) khong dudce thda man. Khi d6, do (1),
S:=a+b+c<0.bat

f(z) = az® + bz + ¢, g(z) = ba® + cx + a, h(z) = ca® + ax + b,
ta sé chting minh hé ¢6 v6 sb nghiém theo hai cach.
e Cach 1 (giai tich): Vi f, g, h 1a cAc ham lién tuc véi
f(1) =9(1) =h(1) =5 <0

nén khi z € R da gan 1 thi f(x), g(x) h(z) gan S dén mitc cung dau véi
S, nén moi z nhu thé déu Ia nghlern cta hé da cho va hé ¢6 v6 s6 nghiém!

e Céch 2 (dai s6): C6 v6 sb s thuc  thda

le] <min{1, 151 }
3(lal + (6] + |cf)

V6i mdi £ nhu thé, dit z. := 1 + . Do cach chon ¢, dé théy:

|f(ze) = S| = [e(2a + b+ ea)| < [e](3la] + |b]) < 3le](lal + [b] + |¢f) < |5].

Suy ra: f(z.) < S+ [S| =0, va tuong t, g(z.) < 0, h(z:) < 0 nén cac z.
déu 13 nghiém ctia hé!

Tém lai, d€ hé c6 duy nhit nghiém cin c6 diéu kién (2). V6i diéu kién nay,
néu ta céng vé theo vé cac bit phuong trinh trong hé di cho, ta sé nhn duoc
“bat” dang thitc 0 < 0. VAy, ddu “=" phai xay ra 6 mbi bt phuong trinh ctia
hé; ndi cach khac, hé tré thanh hé phuong trinh:

ax’+br+c = 0
bx’+cx+a = 0
cx’+ar+b = 0.

Bay glO nhan xét: néua =>b=c=0th hé nhan moi sb thuc lam nghiém,
yéu cau cla dé toan khong dudc thoa man! VAy, ta cin thém rang buoc:

@+ 0420, 3)

Do (2), diéu kién (3) ham y hai trong ba s6 a, b, ¢ khac 0. Khong mét tinh t6°ng
quat, gia stt ab # 0. Cling do (2), moi phuong trinh ctia hé ndi trén la hé qua
ctia hé gom hai phuong trinh con lai. VAy hé tuong duong voi:

ar’+br+c = 0
bx’+cx+a = 0.
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Phuong trinh dau cta hé nay c6 tdp nghiém S; = {1, ¢/a}, phuong trinh thi
hai c6 tap nghiém S, = {1,a/b}.

Véi diéu kién (2) va ab # 0 (thay cho (3)), ta sé chiing minh ré“lng:
c a
Cal @
a’ b

That vay, néu (4) sai thi a2 = be, tic 12

(=b—c)’=bc = (b+c/2)*+3c*/4=b"+bc+c* =0
= b4+c¢/2=c=0=b=c=0,

mau thlllﬁn! VAy (4) dung, va do do6 |S; N Sy| = 1, tlic 1a hé da cho qua thuc ¢
duy nhat nghiém x = 1.

Két ludn: (2)-(3) 1a diéu kién cn va di d€ hé dai cho c6 diing mot nghiém
trén R.

Bai toan 11. Tim tdt cd cdc da thitc P € Z[z] sao cho phuong trinh P(z) = 2" ¢4 it
nhat mgt nghiém z,, € N* véi moi n € N*.

Loi gidi.

(i) Tit gia thiét, d& thiy rang P(z) = S ax’t trong do m = degP € N¥,
(ai)ixy C Z, ay > 0, va rang day (z,)!2, tang ngit, v6i n; € N* nao do.
Hon ntta, lim z,, = +oo va

n—-+o00

.oy . " . 1
lim = = lim T = lim —
n——+oo 2N n——4o0o P({L‘n) n—+oo G, + Zi*O ailv%—m A

tu do,
) m 2n+1 ) Tyt
lim —”+1/ =1= lim &= =2i/m
n—+o0 x;n/Qn n—+00 Iy,

nén (theo bat ding thitc TBC-TBN, d4u “=" khéng xay ra)

lim (x”“ + —x"1> =ol/m yo7l/m 5 9.

n—-+4o0o Tn Tn

VAy, ton tai sb nguyén duong n, > n; sao cho

Tn+1 Tp—1
+
Tp Tn

>2= Tyl — Ty > Ty — Ty

khi n > ns.

(ii) Nhung do P € Z|z|, ta cb (vpy1 — xp) | (P(wpy1) — P(zy,)) = 27 — 2n = 20

7

nén z,.; — x, la moét liy thita cia 2 v6i moi n € N*. Vi thé,
Tp4+1 — T, Z 2(1:71 - In—l) Z e Z 2n—n2<xn2+1 - xnz)
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khi n > ny. T d0, 11 > @, + 2" "2 (Tpya1 — Tny) > 2772 Vn > no. VAy, néu
m > 1 thi sé co
2m(nfn2)

xm
. 1 .
— = lim =2t lim — =4+
Am n—o4oo2ntl T psqoc 20l ’

v 1y Mau thuln nay chiing té rang m = 1, nghia la P(z) = a;z + ay.

(iii) BSivia, | a1z, = 2" — ao (Vn € N*), ta thiy: 0 < a | (22 —ap) — (21 — ap) = 2.

Dé dang thit lai d€ di dén cac két luan sau:
(1) a;=1vaP(x)=x+agVliag € Z, agp < 1, hodc
(2) ag =2va P(x) =2x+agvbiag =20, b€ Z,b<0.

Bai toan 12 (VN TST 2014). Tim tdt cd cdc da thitc P,Q € Z[z] sao cho mdi sb
nguyén duong la udc ctia mét so hang khdc 0 nao do cua ddy so (z,,)%, dugc cho bai:

To — 2014, Ton+1 = P(ZL‘Qn), Lopto = Q($2n+1) Vél mOl n > 0.

Loi gidi 1. Cho P, Q € Z[z] théa yéu cau clia dé bai. Ta sé titng budc chiing minh
cac két luan sau:

)]

(ii)

deg P > 1, deg@ > 1.
Gia stt phan chting rang P hoic Q 1a mot da thitc hing véi gia tri ¢ (€ Z).
1. Néu P(z) = ¢ (V& € Z) thi
z, € {2014,¢,Q(c)} ¥n > 0.
2. Néu Q(z) = ¢ (Vz € Z) thi
x, € {2014, P(2014),¢, P(c¢)} ¥n > 0.

Trong ca hai trudng hop, yéu ciu ctia dé bai déu khong thé théa man dudc.
Vay, deg P > 1, deg @ > 1.
deg @ = 1.
Gia stt phan chting rang deg Q > 1.
Theo (i), deg P > 1, nén ton tai cac sb thue M > 0 va k > 1 sao cho v6i moi
r € Zma |x| > M ta déucd k|P(x)| > |z|. Dac biét, |l‘im |P(z)| = co.

T|—00

Nhung deg@ > 1, nén lim M = o0; vi thé, néu chon N € (M, +0) du

16n, ta sé cd: |Q(x)| > |x| va

QP (2))| > 2k |P(2)| = k|P(x)| + k[P(x)] = k |P(2)] + |z]

13



(iii)

(iv)

khi [«] > N.

Yéu ciu clia dé bai cho thdy lim max |z,| = 4oc0. Hon nita, véi n di 16n,
n—+o00 0</<2n

ton tai chi s6 0 < i = i(n) < 2n dé

|z;| = max |zy| > N.
0<¢<2n
Néuilé,i=2j— 1, tasé co
225 = |Q(95-1)| > |2251] = Jnax |l

vO Iy (vi 2j < 2n)! VAy, i phai chin (khi n da 16n), va ta viét i = 2. V6i j nhu
thé, hgly léy m = |:E2j+2 — 93'2j|. Khi d(,),

m = |Q(P(r2)) = w95 2 |Q(P(w35))] = [w5] > k |P(wey)| = |51,

vam > k|P(x9;)| > |P(x25)| = |r2j+1] . Cho nén trong s6 2j + 2 sb hang (d4u

tién) wo, z1,. .., T2;, T2j41 cUa day s6 di cho, khong c6 sb hang khac 0 ndo 1a
A 2 s s A M Lo, N
boi cua m. Cha y thém rang z9;x;+1 # 0 (do |z2j11] = |P(z25)| > % >4 >

0). Vi thé, Taj VA Tojt1 déu khong chia hét cho m.
Mat khac,

(Tarve — za0) | (Q(P(72042)) — Q(P(22r))) = Tarra — Tario
va
(T2042 — war) | (P(2a0r2) — P(72r)) = Tars — Toey1-

Vay, néu ¢ > j thl ca xopo — Tar, 14n Tor+s — Tout1, cung la b01 cia m =
|Toj42 — x2j| Nhlmg, nhu di théy; T2j Va T4 déu khong chia hét cho m, nén
Ca Top4o 14n o043 déu khong 1a boi ciia m khi £ > j.

Suy ra: m khéng thé 13 u6c ctia mot sé6 hang khac 0 nao ctia (z,)%,, vo 1y!
Vay, deg Q = 1.

degP = 1.

Chang minh: tuong tu (ii).

Bay gio, P(x) = ax + b, Q(x) = cx + d V6i a, b, ¢,d € 7 va ac # 0. Ta sé ching
minh rang ac = 1. Theo dinh nghia,

n = n b
{1’2 +1 aTon + vn, Z 0.

Tont2 = CTopt1 +d

Tt day, 29,42 = acxa, + bc + d va xa,,3 = acta, 1 + ad + b v6i moi n > 0. Hai
day con nay c6 chung dang truy hoi y,,.1 = ry, + s v6i s € Z,r = ac.
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Gia st phan ching rang r # 1. Lic nay,

n—1 n

: r
=" —l—sg r'=r"yy+s
Y Yo o~ Yo -

Vn > 1.

Néu r = —1 thiy, € {yo, —yo + s} (Vn) nén yéu cau ctia dé bai khong thé thda
man dudc. Vay, |r| > 1.

Yéu ciu clia dé bai cho thiy mot trong hai ddy con ndi trén cé tinh chét: véi
moi ¢ € N ton tai n = n(q) € N sao cho r? | y, # 0. Hién nhién, n — +oo khi
g — +oo. Hon ntra,

,r,min{q,n} | (yn . rnyo) =g Ti.

7

Il
o

Vi ged (r, S0, ) = 1, ta ¢6 r™™end | s (v6i moi ¢). Nhung |r| > 1 va
mm{q,n} — o0 khi ¢ — +o00, nén s = 0, y, = 7"yo (Vn), va do do, dé
thay yéu cAu clia dé bai khéng thé thda min dude. Mau thun nay ching té
rang r=ac=1.

(v) Cubi cung, P(x)=+x+b,Q(x) = £z +d, trong do b,d € Z la cac s6 cAn tim.
Ta chi phai xét hai truéng hop:

o P(z) =x+bvaQ(x) =2+ dvéib,d e Z. Trong trudng hop nay, bang
quy nap, ta co

Vi thé, mét diéu kién cin d€ yéu ciu ctia dé bai dugc thda méan 1a b+d # 0.
Dudi di€u kién nay, yéu cau cta dé bai néi rang: v6i moi m € N*, mot
trong cac dong du thttc tuyén tinh
(b+ d)x = —2014(mod m), (b+ d)z = —(2014 + b)(mod m)
¢ (v s6) nghiém z = n trong N. Mot cach tuong duong,
ged (b+d,m) | 2014 hodc ged (b+d,m) | (2014 4+ b) v6i mdi m € N*.
Thét ra, chi cAn xét m = |b + d| va diéu kién phai tim la:

(b+d) | 2014 hodc (b+d) | (2014 +b), trongdo b+ d # 0.

e Plx) = —z+bva Q(x) = —x +d v6i b,d € Z. Hoan toan tuong tu, ta
thay diéu kién can va dua dé yéu cau cia dé bai dugc théa man la

(b—d) | 2014 hoac (b—d) | (—2014+b), trongdo b—d # 0.

Loi giai 2. Ta sé dua ra & diy mot cach chitng minh khdc cho cép buéce (ii)-(iii) (gitt
nguyén chitng minh cta (i) va (iv)-(v)).
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(ii)-(iii) degP =1,deg@ = 1.
Ta can:
BS dé. Cho a € Zva T € Z[z]. Mot ddy sb (y,) duoc xdc dinh béi

Yo = a,Ynt+1 = L(y,) Vn >0.

Gid st mdi s6 nguyén duong m la udc ciia mot sb hang khdc 0 nao dé ctia (y,).
Khi do, degT = 1.

Chitng minh. D& thiy moi da thitc hang T dé“u khéng théa mén gia thiét.
Gia st phan ching rang degT > 1. Khi do, ton tai s6 thuc ¢ > 0 sao cho

T ()| > 2|x| khi || > c. Tt gid thiét suy ra: lim max |y,| = +o00. Hon nita,
m——o00 0</<m

néu goi 0 < n = n(m) < m la chi sb bé nhit sao cho |y,| = [max |ye|, thi
SEsSm

n — +o0o khi m — +00, va |y,| > |y;| v6i moi 0 < i < n. Vi thé, ta c6 thé chon
dude N € N* sao cho |yy| > max{c, [yo, |11, .., [ynv_1|}. DPdc biét, diéu nay
kéo theo:

lynv+1l = [T(yn)| > 2lyn|.

Léym = |lyns1 — yn| € N*, ta cd
m > lynii| — lyn| > lyn| > max{|yo|, 1], - - -, [yn—1]}

Bdi véy, yn khong chia hét cho m. Hon nita, m khéng 1 wéc ctia sb hang khac
0 nao trong SO Yo, Y1, - - -, YN_1-

Mét khac, 1,41 — ¥, 1a boi cta y,, — y,,—; v6i moi n > 1; cho nén y,, . — v, chia
hét cho m = |yyy1 — yn| v6i moi n > N. Suy ra:

Un — YN = (Un — Yn-1) + Un-1 — Yn—2) + ... + (Uns1 — Un)

13 bdi clia m v6i moi n > N. Nhung yy khong chia hét cho m, nén v, ciing
khong chia hét cho m v6i moi n > N va ta gip mau thudn! BS dé di dudc
chiing minh.
Ta di san sang dé chitng minh cac két luén cua (ii)-(iii). bat H(z) = P(Q(x))
va K (z) = Q(P(z)). Gia st phan chitng rang hoic deg P > 2 hodc deg@ > 2.
Khi d6, deg H > 2 va deg K > 2 (theo (i), deg P > 1 va deg ) > 1).
Xét day con (xg, T2, %4, . . .), Tomi1) = K (22,) V6i moi n > 0. Do deg K > 2
nén day (yn) — (22,) khong thé théa man gla thiét cua B dé B3i vy, ton
tai sO nguyeéen du’dng m sao cho khong s6 nao trong sb cac sb nguyen duong
m,2m,3m, ... co thé 1a uéce clia mot sO hang z,, # 0. Tt do, v6i moi k£ € N*
tén tai s6 hang Ton,+1 # 0 chia hét cho km. Suy ra: diy con (z1, 3, z5,...),
Tonis = H (22n11) (v6i moi n > 0), thda mén gia thiét ctia BS dé, va do vay,
deg H = 1, v6 ly! M4u thuin nay cho ta dpem.
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